Abstract. We study the p-rank stratification of the moduli space of cyclic degree ℓ covers of the projective line in characteristic p for distinct primes p and ℓ. The main result is about the intersection of the p-rank 0 stratum with the boundary of the moduli space of curves. When ℓ = 3 and p ≡ 2 mod 3 is an odd prime, we prove that there exists a smooth trielliptic curve in characteristic p, with every genus g, signature type (r, s) and p-rank f satisfying the clear necessary conditions.
Introduction
Suppose Y is a smooth projective connected curve of genus g defined over an algebraically closed field k of characteristic p > 0. The p-rank of Y is the integer f such that p f is the number of p-torsion points of the Jacobian of Y . It is known that 0 ≤ f ≤ g.
Let g ≥ 2. Consider the moduli space M g of smooth curves of genus g over k and its Deligne-Mumford compactification M g . Consider the boundary δM g = M g − M g of M g ; its points represent singular stable curves of genus g.
It is a compelling problem to understand the geometry of the p-rank f stratum M [3, Lemma 3.2] . It follows that there exists a smooth hyperelliptic curve of genus g and p-rank f defined over F p for every odd prime p and pair of integers g and f such that 0 ≤ f ≤ g. The proof of these facts also uses the intersection of the p-rank strata
The initial development of this research project was supported by NSF grant DMS-11-01712. Ozman was partially supported by Scientific and Research Council of Turkey . Pries was partially supported by NSF grant DMS- 15-02227. with the boundary δH g = H g − H g . Every irreducible component S of H 0 g intersects δH g by [3, Theorem 3.11] ; specifically, S contains points that represent trees of g (supersingular) elliptic curves. However, it is not known whether S intersects every irreducible component of δH g .
In this paper, we study the analogous question for the moduli space T ℓ,g of Z/ℓZ-covers of the projective line P 1 for an odd prime ℓ with ℓ = p. The irreducible components of T ℓ,g are indexed not only by the degree ℓ and the genus g, but also by the discrete data of the inertia type or, equivalently, the signature type. In Proposition 4.2, we compute a lower bound for the dimension of each irreducible component of the p-rank strata of T ℓ,g , in terms of the signature type.
We study how the p-rank 0 stratum of the moduli space T ℓ,g intersects the boundary δM g . The first main result of the paper is Theorem 4.4, which states that every irreducible component S of T 0 ℓ,g contains a point representing a curve of compact type which is reducible and has at least dim(S)+1 components. Unfortunately, we were not able to use Theorem 4.4 to determine the dimension of the irreducible components of T f ℓ,g in general, see Remark 5.9. In Section 5, we specialize to the case ℓ = 3. In Theorem 5.8, we prove that: for every odd p ≡ 2 mod 3, every g ∈ N, every signature type (r, s) for g, and every f (satisfying the obvious necessary conditions that f is even and 0 ≤ f ≤ 2min(r, s)), there exists a smooth trielliptic curve defined over F p with genus g, signature type (r, s) and p-rank f ; furthermore, we prove that there is at least one irreducible component of the p-rank f stratum of T 3,g,(r,s) whose dimension equals the lower bound from Proposition 4.2.
Background
In this section, we include necessary material about cyclic covers and the p-rank.
2.1.
Stable Z/ℓZ-covers of a genus zero curve. Let k be an algebraically closed field of characteristic p > 0 and let S be an irreducible scheme over k. Let G = Z/ℓZ be a cyclic group of odd prime order ℓ = p. Let G * = G − {0}. Let ψ : Y → S be a semi-stable curve. If s ∈ S, let Y s denote the fiber of Y over s. Let Sing S (Y ) be the set of z ∈ Y for which z is a singular point of the fiber Y ψ(z) .
A mark R Ξ on Y /S is a closed subscheme of Y − Sing S (Y ) which is finite andétale over S. The degree of R Ξ is the number of points in any geometric fiber of R Ξ → S. A marked semistable curve (Y /S, R Ξ ) is stably marked if every geometric fiber of Y satisfies the following condition: for each irreducible component
The smooth ramification locus is R sm := R − (R ∩ Sing S (Y )). We say that (Y /S, ι 0 ) is a stable G-curve if Y /S is a semi-stable curve; if ι 0 : G ֒→ Aut S (Y ) is an action of G; if R sm is a mark on Y /S; and if (Y /S, R sm ) is stably marked.
If z ∈ Sing S (Y ), let Y z,1 and Y z,2 denote the two components of the formal completion of Y ψ(z) at z. A stable G-curve (Y /S, ι 0 ) is admissible if the following conditions are satisfied for every geometric point z ∈ R ∩ Sing S (Y ):
(1) ι 0 (1) stabilizes each branch Y z,i ; (2) z is a ramification point of the restriction of ι 0 to Y z,i ; (3) the characters of the action of ι 0 on the tangent spaces of Y z,1 and Y z,2 at z are inverses.
Suppose that (Y /S, ι 0 ) is an admissible stable G-curve. Then Y /ι 0 (G) is also a stably marked curve [6, Proposition 1.4] . The mark on Y /ι 0 (G) is the smooth branch locus B sm , which is the (reduced subscheme of) the image of R sm under the morphism Y → Y /ι 0 (G). Let n be the degree of R sm (the number of smooth ramification points). We suppose from now on that Y /ι 0 (G) has arithmetic genus 0. By the Riemann-Hurwitz formula, the arithmetic genus of each fiber of Y is g = (n − 2)(ℓ − 1)/2.
2.2. The inertia type and signature type. Let s be a geometric point of S and let a be a point of the fiber R sm,s . Then G = Z/ℓZ acts on the tangent space of Y s at a via a character χ a : G → k * . In particular, there is a unique choice of γ a ∈ (Z/ℓZ) * so that χ a (1) = ζ γa ℓ . We say that γ a is the canonical generator of inertia at a. The inertia type of (Y /S, ι 0 ) is the multiset γ = {γ a | a ∈ R sm,s }. It is independent of the choice of s. By Riemann's existence theorem, there exists a cover (Y, ι 0 ) with inertia type {γ a | a ∈ R sm,s } if and only if a∈Rsm,s γ a = 0 ∈ Z/ℓZ [18, Theorem 2.13].
A labeling of a mark R Ξ of degree n is a bijection η between {1, · · · , n} and the irreducible components of R Ξ . A labeling of an admissible stable G-curve (Y /S, ι 0 ) is a labeling η of R sm . There is an induced labeling η 0 : {1, . . . , n} → B sm .
If (Y /S, ι 0 , η) is a labeled G-curve, the class vector is the map of sets γ : {1, . . . , n} → G * such that γ(i) = γ η(i) . We write γ = (γ(1), . . . , γ(n)). If γ is a class vector, we denote its inertia type by γ :
There is an eigenspace decomposition: 
2.3. Restrictions on the p-rank. Let µ p be the kernel of Frobenius on G m . The p-rank of a semi-abelian variety
For an abelian variety A, the p-rank can also be defined as the integer f A such that the number of p-torsion points in
The p-rank of a stable curve Y is that of Pic 0 (Y ). Recall that ℓ = p is prime. Let e be the order of p modulo ℓ.
Proof. The action of Z/ℓZ on Y induces an action of ζ ℓ on J = Jac(Y ) and its p-divisible
) is a pair of relatively prime non-negative integers, and λ = d/(c + d), let G λ denote a p-divisible group of codimension c, dimension d, and thus height c + d. By [13] , the Dieudonné-Manin classification, there is an isogeny
. The action of ζ ℓ stabilizes every slope factor G
Then the slope 1/2 factor of J[p ∞ ] is the p-divisible group of a supersingular elliptic curve. So Q(ζ ℓ ) ⊂ E where E is the endomorphism algebra of a quaternion algebra; the only number fields contained in E are quadratic fields inert or ramified at p. This gives a contradiction if ℓ > 3 or if ℓ = 3 and p ≡ 1 mod 3.
The p-rank of Y equals the stable rank of the Cartier operator C.
where σ is the permutation of Z/ℓZ − {0} which sends i to p −1 i. The cycle structure of σ is determined by the splitting of
Recall that e is the order of p modulo ℓ. There are (ℓ − 1)/e primes of Z[ζ ℓ ] lying over p with residual degree e. Each orbit of C on {L i } has cardinality e. Let O denote the set of orbits. The contribution to the p-rank from each of the e eigenspaces in an orbit o ∈ O is bounded by the minimum of
Bouw used these ideas to find an upper bound on the p-rank, which depends only on p, ℓ, and the inertia type γ; it is: 
The moduli space of Z/ℓZ-covers and its boundary
In this section, we introduce the material needed to study p-ranks of cyclic covers from a moduli-theoretic approach. Recall that G = Z/ℓZ.
3.1.
Moduli spaces of stable Z/ℓZ-covers. We define moduli functors on the category of schemes over k whose S-points represent the listed objects:
(1) T ℓ,g : admissible stable G-curves (Y /S, ι 0 ) with Y /S of genus g.
(2) T ℓ,g : (Y /S, ι 0 ) as above, together with a labeling η of the smooth ramification locus. (3) T ℓ,g;t : (Y /S, ι, η) as above, together with a mark R Ξ of degree t such that (Y /S, R Ξ ) is stably marked. Let γ : {1, . . . , n} → (Z/ℓZ) * be a class vector of length n = n(γ). By (1), γ determines the genus g = g(γ) = (n − 2)(ℓ − 1)/2. Let T ℓ,γ ⊂ T ℓ,g be the substack for which (Y /S, ι 0 , η) has class vector γ. Let T ℓ,γ ⊂ T ℓ,g be the substack for which (Y /S, ι 0 ) has inertia type γ.
If two class vectors γ and γ ′ yield the same inertia type, so that γ = γ ′ , then there is a permutation ̟ of {1, . . . , n} such that γ ′ = γ • ̟. This relabeling of the branch locus yields an isomorphism T ℓ,γ ≃ T ℓ,γ•̟ . Suppose γ and γ ′ differ by an automorphism of G, so that there exists τ ∈ Aut(G) such that γ ′ = τ • γ. This relabeling of the G-action yields an isomorphism T ℓ,γ ≃ T ℓ,τ •γ .
Lemma 3.1.
( 3.2. Clutching maps. We review the clutching maps κ g 1 ,g 2 and λ g 1 ,g 2 of [12] . Each of these is the restriction of a finite, unramified morphism between moduli spaces of labeled curves. They can be described in terms of their images on S-points for an arbitrary k-scheme S. We give explicit descriptions only for sufficiently general S-points and defer to [12] for complete definitions. A stable curve Y has compact type if its dual graph is a tree or, equivalently, if Pic 0 (Y ) is represented by an abelian scheme. For i = 1, 2, let γ i denote a class vector with length n i = n i (γ i ) and let g i = g(γ i ).
Clutching maps (compact type).
There is a closed immersion [12, Corollary 3.9]
This clutching map glues two curves Y 1 /S and Y 2 /S together to form a curve Y /S by identifying the last section of Y 1 and the first section of Y 2 in an ordinary double point. As seen in [1, Section 2.3], the clutching map extends to the moduli space of labeled Z/ℓZ-curves as follows. Let g = g 1 + g 2 and n = n 1 + n 2 − 2 and
If (Y i /S, ι 0,i , η i ) is a labeled G-curve with class vector γ i , for i = 1, 2, then the clutched curve Y /S has genus g and admits a G-action ι 0 and a labeling η with class vector γ. Moreover, Y /S can be deformed to a smooth G-curve if and only if the G-action is admissible, i.e., if and only if γ 1 (n 1 ) and γ 2 (1) are inverses [6, Proposition 2.2] . In this situation, we write
In particular, the p-rank of Y is:
The signature type of (Y /S, ι 0 ) is the sum of those for (Y i /S, ι 0,i ).
, where g 2 = g − g 1 and (γ 1 , γ 2 ) ranges over the appropriate admissible pairs of class vectors.
Clutching maps (non-compact type).
In this case, let g = g 1 +g 2 +(ℓ−1) and n = n 1 +n 2 and γ = (γ 1 (1) , . . . , γ 1 (n 1 ), γ 2 (1), . . . , γ 2 (n 2 )). The other clutching maps are:
To define λ g 1 ,g 2 , consider a Z/ℓZ-curve (Y i /S, ι 0,i ) with a mark P i , for i = 1, 2. One can glue these curves together to form a curve Y /S by identifying the orbits of P 1 and P 2 in ℓ ordinary double points; (Specifically, identify ι 0,1 (g)(P 1 ) and ι 0,2 (g)(P 2 ) for g ∈ G). Then Y /S admits a G-action ι 0 and has inertia type γ.
Since Y 1 and Y 2 intersect in more than one point, the curve Y /S has non-compact type.
where Z is an (ℓ − 1)-dimensional torus. Thus Y has genus g and the p-rank of Y is:
The signature type of (Y /S, ι) is the sum of those for (Y i /S, ι 0,i ) and Z. There is an action of Z/ℓZ on Z and each of the non-trivial eigenspaces has dimension 1.
For
, some of which may be empty. Note that ∆ i and ∆ g−i (resp. Ξ i and Ξ g−i−(ℓ−1) ) are the same substack of T ℓ,g .
If S is a stack with a map S → T ℓ,g , let
Proof. Let W be an irreducible component of δT ℓ,g . There is an inertia type γ such that W is either a component of
. By Lemma 3.1(5), it suffices to show that dim(W ) = n − 4.
Case (i): In this case, a generic point of W is the moduli point of a singular curve Y with two irreducible components Y 1 and Y 2 intersecting in one ordinary double point y. Let γ i be the inertia type of the restriction of the Z/ℓZ-action to Y i and let n i = n(γ i ). Then n 1 + n 2 − 2 = n since y is a ramification point for the two restrictions. So dim(W ) = dim(T ℓ,γ 1 ) + dim(T ℓ,γ 2 ) = (n 1 − 3) + (n 2 − 3) = n 1 + n 2 − 6 = n − 4.
Case (ii): In this case, a generic point of W is the moduli point of a singular curve Y with two irreducible components Y 1 and Y 2 , of genera i and g − i − (ℓ − 1) intersecting at one unramified Z/ℓZ-orbit. Let γ i be the inertia type of the restriction of the Z/ℓZ-action to Y i and let n i = n(γ i ). Then n 1 + n 2 = n. There is a 1-dimensional choice of an unramified orbit on each of Y 1 and Y 2 . So
The next result will be used to find an upper bound on the dimension of the p-rank strata.
Proposition 3.3. If S ⊂ T ℓ,g has the property that S intersects
Proof. A smooth proper stack has the same intersection-theoretic properties as a smooth proper scheme [17, p. 614 ]. In particular, if two closed substacks of T g intersect then the codimension of their intersection is at most the sum of their codimensions. Now ∆ i [T ℓ,g ] is a closed substack of T ℓ,g . It suffices to consider the case that S is closed. Thus
The result follows from Lemma 3.2 since codim(∆ i , T ℓ,g ) = 1. We use the following notation for the p-rank f stratum of the boundary,
f . These strata are easy to describe using the clutching maps. First, if 1
f is the union of the images of T
ℓ,g−i under κ i,g−i as (f 1 , f 2 ) ranges over all pairs (satisfying Lemma 2.1) such that
Second, if f ≥ 2 and 0 ≤ i ≤ g − (ℓ − 1), then (7) 
4. Intersection of the p-rank 0 stratum with the boundary
In this section, we study the geometry of the p-rank stratification on the moduli space of cyclic degree ℓ covers of the projective line.
Notation 4.1. Recall that ℓ is an odd prime. Consider an inertia type γ for ℓ. It determines the number of branch points n(γ) and the genus g(γ) as in (1) for a Z/ℓZ-cover Y → P 1 with inertia type γ. Recall that T ℓ,γ is the moduli space of Z/ℓZ-covers Y → P 1 with inertia type γ. By Lemma 3.1(5), the dimension of T ℓ,γ is n(γ) − 3.
Recall that p is a prime such that p = ℓ and e is the order of p modulo ℓ. The formula for the upper bound B(γ) for the p-rank of a cover with inertia type γ is in (3). Let f be a multiple of e such that 0 ≤ f < B(γ). Define ǫ = 1 if p ≡ 1 mod ℓ and ǫ = 0 otherwise.
We first give a lower bound on the dimension of the p-rank strata. 
Proof. The p-ranks which occur on T ℓ,γ are multiples of e by Lemma 2.1 and are at most B(γ) by Theorem 2.2. Also, if p ≡ 1 mod ℓ, then e = 1 and f = g − 1 = B(γ) − 1 by Lemma 2.1. So the number of integers f ′ such that f < f ′ ≤ B(γ) which can occur as the p-ranks for points of T ℓ,γ is at most (B(γ) − f )/e + ǫ. The statement is then an immediate application of the purity result of Oort [14, Lemma 1.6] which states that if the Newton polygon (or p-rank) changes, then it does so on a subspace of codimension 1.
Remark 4.3. For ℓ ≥ 5, the lower bound on the right hand side of (10) is positive only when f is large relative to g. For example, if ℓ = 5 and p ≡ 1 mod 5, then it is −g/2 + f .
In the next result, assuming that the p-rank 0 stratum T 0 ℓ,γ is non-empty, we show that it intersects the boundary somewhat deeply. Proof. The proof is by induction on the number of branch points n = n(γ). This is equivalent to induction on the genus g = g(γ), because g = (n − 2)(ℓ − 1)/2. For the base case, when n = 3 and g = (ℓ − 1)/2, the statement is vacuous since T ℓ,γ has dimension 0.
Suppose that the statement is true for all inertia types γ ′ for which the genus g ′ is less than g. Let γ be an inertia type for which the genus is g and let S be an irreducible component of T 0 ℓ,γ . When σ = 0, the statement is vacuous. Suppose σ > 0. Since T ℓ,γ is affine, S intersects a boundary component of T ℓ,γ . The points of S represent curves whose p-rank is 0, hence (7) implies that S does not intersect ∆ 0 . Thus S intersects ∆ j for some 1 ≤ j ≤ g − 1. A point of ∆ j [S] represents a curve having at least two components (which completes the proof when σ = 1).
By Proposition 3.
is in the image of a clutching morphism. Specifically, there is an admissible pair of inertia types γ 1 , γ 2 , and points
By the inductive hypothesis, for i = 1, 2, there exists η i ∈ Γ i such that the curve Y η i of compact type represented by η i has at least σ i + 1 components. Then κ j,g−j (η 1 , η 2 ) ∈ ∆ j [S] has at least (σ 1 + 1) + (σ 2 + 1) ≥ σ + 1 components.
Trielliptic covers
In this section, we specialize to the case ℓ = 3. We study the p-ranks of trielliptic curves, which are Z/3Z-covers of P 1 . In Theorem 5.8, when p ≡ 2 mod 3 is odd, we prove that there exists a trielliptic curve Y defined over F p such that Y has genus g, signature (r, s), and p-rank f (for all natural numbers g, all signature types (r, s) for g, and all integers f satisfying the well-known necessary conditions for the p-rank). In addition, we prove that there is an irreducible component of T f g,(r,s) whose dimension equals the lower bound from Proposition 4.2.
5.1. Notation for trielliptic covers. Suppose (Y /S, ι 0 ) is a smooth trielliptic curve. The Z/3Z-cover ψ : Y → P 1 has an equation of the form:
Without loss of generality, we assume that ψ is not branched at ∞. The number of branch points of ψ is n = d 1 + d 2 and the genus of
).
The set of inertia types γ for a trielliptic curve (Y /S, ι 0 ) of genus g is in bijection with
If (Y /S, ι 0 ) is a trielliptic curve then so is (Y /S, ι 1, 1) ). There is a unique smooth elliptic curve which is trielliptic. It has p-rank 0 when p ≡ 2 mod 3 and p-rank 1 when p ≡ 1 mod 3. Proof. The first statement is a special case of [5, Propositions 7.4, 7.8] . The second statement follows since T (r,s) is irreducible and the p-rank is lower semi-continuous.
5.3.
Trielliptic curves whose p-rank is not maximal. The next result extends Proposition 5.6 by showing that there exist trielliptic curves of each signature type (r, s) whose p-rank is not the maximum B(r, s) when p ≡ 2 mod 3. is non-empty and S is one of its irreducible components, the sentence above implies that dim(S) ≤ g − 2 and Proposition 5.5 implies that dim(S) ≥ g − 2.
It thus suffices to prove that T When (r, s) = (1, 1), then d 1 = d 2 = 2. Thus without loss of generality, we can choose S 1 (the labeling of the ramification points) so that the clutching situation below is admissible:
Let W be an irreducible component of T B(r,s)−2 (r,s) which contains K. By the same reasoning as the first paragraph of the proof, dim(W ) = g − 2. On the other hand, since dim( S 1 ) = 0 and dim( T (r−1,s−1) ) = g − 3, it follows that
Thus the generic point of W is not contained in K.
The generic point of S 1 represents a smooth curve; (this needs the hypothesis p = 2). The generic point of T is non-empty and each of its irreducible components has dimension g − 2 (codimension 1) in T (r,s) , but it is not clear whether any of its generic points represents a smooth curve.
5.4.
Existence of trielliptic curves with given p-rank. When p ≡ 2 mod 3, the necessary conditions on the p-rank are that f is even and 0 ≤ f ≤ 2min(r, s). For every signature type and for all odd p ≡ 2 mod 3, we prove that every p-rank f satisfying the necessary conditions occurs for a smooth trielliptic curve of that signature. The Cartier operator C permutes the two eigenspaces L 1 and L 2 when p ≡ 2 mod 3 and stabilizes them when p ≡ 1 mod 3. Let σ denote the transposition (1, 2) when p ≡ 2 mod 3 and let σ = id when p ≡ 1 mod 3. A basis for L 1 (resp. L 2 ) is w 1,j = x j−1 dx y : 1 ≤ j ≤ r , resp. w 2,j = x j−1 p 1 (x) dx y 2 : 1 ≤ j ≤ s .
When p ≡ 2 mod 3, let 
When r, s < p, the formulae simplify because x ⌊(j−1)/p⌋ = 1. 
Proof.
(1) Let p 1 (x) = x 2 − 1 and p 2 (x) = x 2 + 1. Let A = f 1,p−1 (x) and B = f 2,p−1 (x). By (12) 
− i .
The sum has an even number of terms and the i-th and ( p−2 3
− i)-th terms cancel. Thus C is the zero operator (Y is superspecial) and Y has p-rank 0. (2) After an automorphism of P 1 , one can suppose that p 1 (x) = x 2 + x + 1 and p 2 (x) = (x−1)(x−a) for some a ∈ F 2 . Then h 1 (x) = p 2 (x) and h 2 (x) = p 1 (x) so f 1,1 (x) = a+1 and f 2,1 (x) = 1. If Y has 2-rank 0 then det(C) = a + 1 is zero. Then p 2 (x) is not square-free so Y is singular.
